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ABSTRACT-A simple linear model was used to determine 
the influence of a pressure-dependent friction term on the 
steady-state solution for long waves produced by heating. 
Resonance effects, which are found in a frictionless atmos- 
phere, were also evident in the case when friction was 
concentrated in the boundary layer. As friction increased 
at low pressure, resonance effects were no longer apparent. 

Net potential and kinetic energy changes did not occur 
when friction was zero. When friction was allowed, the 
conversion term for potential energy was balanced by 
the generation term and the northward heat transport 
term. The net frictional loss of kinetic energy was balanced 
by the conversion of potential energy into kinetic energy. 

1. INTRODUCTION 
This study presents further research on the behavior of 

long waves in the atmosphere under the influence of heat- 
ing. Aspects of this subject have received considerable 
attention in the literature (Charneg and Elimsen 1949, 
Smagorinsky 1953, Saltzman 1965, Murakami 1967, 
Derome and Wiin-Nielsen 1971, and Chow et al. 1972). 
The primary purpose of the study is to examine the struc- 
ture of the steady-state solution when a pressure dependent 
friction term is included. 

In an earlier study (Chow et al. 1972), a frictionless 
atmosphere was considered, and the behavior of the pres- 
sure integrated disturbances in the @-plane were studied 
using linear theory. This research, also using linear theory 
and @-plane representation, considers the internal struc- 
ture of the atmosphere instead of integrated effects. 

2. BASIC FORMULATION 
The structure of the atmosphere was derived through 

the steady-state vorticity equation and thermodynamic 
equation; that is, 

and 

The last term on the right of eq (1) is the friction term. 
K is the coefficient of friction, which was assumed to vary 
exponentially with pressure; that is, K=Koexp [-m (po-p)/  
pol, wherePo= 100 cb, KO is the value of K a t  p=po, and m is 
the rate constant. The term t is the vertical component 
of the relative vorticity, u is the mean stability term, Q 

is the rate at which heat is added per unit mass, and V, 
is the horizontal component of the wind velocity. The rest 
of the terms in the equations have the standard meanings 
assigned to them in meteorology. 

Perturbation principles and the condition that varia- 
tions of the perturbation in the y direction are zero were 
applied to eq (1) and (2). The resulting equations were 
linearized. It was assumed that the horizontal component 
of the wind, u', could be approximated by a stream func- 
tion, $ @e., v'=a$/ax), and that 4-f$. The vorticity 
and thermodynamic equations were then 

m d  

-a3f i  as awl a2fi U7+@-=f --K- ax ax ap a x 2  
(3) 

(4) 

Here, the mean zonal wind, D, was assumed to vary 
linearly with pressure; that is, 8= 04+ DT4 (p-p4)/Ap, 
where u4 is the wind speed at  p=p4=60 cb, nT4 is the 
thermal wind at  p4, and Ap=---80 cb. 

Assuming &'=H,,j(p), where Ho is the surface heating 
andf(p) is some function of pressure, and eliminating w' 
from eq (3) using eq (4), yields 

where 
f' 

APU 
--t 

and 
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The following solutions were assumed : 

and 
m 

1 
Ho=Chl cos ks+h2 sin kx (7) 

where #, and #2 are Fourier coefficients for the stream 
function; that is, 

*I=# cos CY, 
- 

and 

and CY is the phase angle for the stream function (i,e., 
a=arctan For the surface heating, h, and h2 are 
also Fourier coefficients; that is, 

hl=h cos O1Hj 

and 

and 0 1 ~  is the phase angle for the surface heating wave 
(Le., a,=arctan hz/hl). The term k is the wave number 
(Le., k=2sn/L), L is the total wavelength, and n is the 
nondimensional wave number (n=1, 2, 3, . . . ). Sub- 
stitution of eq (6) and (7) into eq (5) yields 

and 

When K=O and the coefficients of the above equation 
are independent of pressure, it can be shown that the 
solution will approach infinity when 8- p/k2 approaches 
zero. This is the state of resonance. Figure 1 yields the 
wave number at  which resonance can be found for a given 
mean wind speed at  45' latitude. 

A nine-level model was used to solve the above equa- 
tions. The lower boundary was p=po= 100 cb, the upper 
boundary was p=p8=20 cb, and the pressure levels were 
spaced - at IO-cb increments. Many different values of 
U4 and i 7 T 4  were used to solve the equations; however, 
only the solutions for u=lO m/s and n T 4 = 2 0  m/s are 
presented. Changing n4 and TT4 did not change the 
general characteris tics of the s o h  tions, which are dis- 
cussed in the following sections. 

Solutions were obtained for the following three states of 
frictional influence: (1) Ko=O, which is the state of no 
friction; (2) m=15 and K0=10-4~-1, which is a state 
wherein only the boundary layer has appreciable friction; 
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FIGURE 1 .-Wave number for nonfrictional resonance versus mean 
wind speed (m/s) . 
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FIGURE 2.-Distribution of the friction coefficient with pressure 
for m=15 and m=5.8. 

and (3) m=5.8 and K0=10-4s-1, which is a state wherein 
there is significant friction in the upper atmosphere 
(fig. 2). I n  all cases, a standard atmospheric lapse rate 
was used in the computation of the mean stability term, 
u. The latitude was 45'. 

Heating was assumed to vary linearly with pressure, 
and to be zero at  p=p8; that is, f ( p ) = ( p s - p ) / A p  and 
F(p)  = ( - p , / A p  p 2 ) .  The magnitude of the surface heating 
rate for each wave number was assumed to be 0.01 kJ 
t-'. s-l, which is about one-tenth the value of the surface 

heating reported by DOOs (1961) and Ninomiya (1964). 
Their heating computations reflected the sum of all har- 
monics. It was assumed that a value of one-tenth would 
be characteristic of a single harmonic. The phase angle of 
the surface heating, aH, was fixed at  zero degrees (aH=O). 
Application of these conditions to eq (10) and (11) yielded 

(12) 
- a 2 # l  c R k 2  -Kk 
a p 2  nAppl +I=- $2 

lJA PPI 
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FIGURE 3.-The pressure wave amplitude (m) at 20 cb versus 

wave number and friction distribution. 

and 

where CR= U-P/k2 and is the Rossby speed. 
The above equations were solved under the following 

boundary condition. The vertical velocity, w, was assumed 
zero (w=O) a t  p = p o  and at.p=p8. This condition yielded 

and 

where p3=Rlcpafp0, and U, is the zonal wind speed at  p,.  
The upper boundary condition assumes that the stable 
stratosphere dampens all vertical motion. Under these 
conditions, downward vertical motions were found over 
the heat source. 

3. PRESSURE PERTURBATIONS 

Figure 3 shows the amplitude of the height perturba- 
tion a t  p=p8 versus wave number obtained under the 
conditions previously specified. In the case where Ko=O 
(no friction), the largest amplitudb is found at  n= 1 ; but a 
secondary maximum appears a t  n=5, which is near the 
wavelength of nonfrictional reson.ance (fig. 1). When 
friction is intioduced and is concentrated in the boun.dary 
layer (m=15), the influence of resonance is still apparent 
around wave number 5,  but the amplitude is reduced. 
When considerable friction is maintained in the upper 
atmosphere (m=5.8), the influence of resonance appears 
to have been eliminated. 

Figures 4-6 yield the variation of the amplitude and 
phase of the height perturbation with pressure for wave 

AMPLITUDE (m) PHASE ANGLE 

FIQURE 4.-(A) the pressure wave amplitude and (B) the pressure 
wave phase angle versus pressure for wave number 1. 

numbers 1, 3, and 5,  which represent the structure of the 
ultralong waves. With the exception of wave number 5, 
which is influenced by resonance, the amplitude a t  high 
pressure is reduced when marked friction (m=5.8) is 
introduced and increased at low pressure. This is consistent 
with the results of Smagorinsky (1953) and Murakami 
(1967). 

In an atmosphere characterized by w=O at the upper 
and lower boundary and net downward motion over the 
heat source, the internal structure of the atmosphere can 
be generally described by low-level divergence and upper- 
level convergence. For the no-friction case, the dynamic 
transport of momentum is the only term that balances 
the divergence; that is, 

which is another form of eq (3) with Ko=O. The term on 
the left is the dynamic transport term, and that on the 
right is the divergence term. The equation indicates that 
the magnitude of the height perturbation is governed 
by divergence alone. When friction is introduced, 

The frictional term acts opposite to the divergence term 
at  low levels, and the pressure perturbation required to 
balance this combined effect will be less than that for the 
no-friction case. In the upper levels, the friction term acts 
in the same sense as the divergence, and the height 
perturbation must be larger. 

The minimum value of the height perturbation arnpli- 
tude is found a t  the level of nondivergence for the no- 
friction case. When friction is included, the minimum 
value is found at  the level where the divergence balances 
the frictional effect, and the pressure ridge is found directly 
over the heat source. The level of nondivergence, where 
the dynamic transport of momentum is balanced by 
friction alone, is found at  a slightly lower pressure. 

The phase angles indicate that the ridge is found up- 
stream of the heat source (divergence zone) a t  low levels 
and downstream (convergence zone) a t  upper levels 
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FIGURE 5.--Same as figure 4 for wave number 3. 
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FIGURE 6.-Same rn figure 4 for wave number 5. 

for the no-friction case. The change from upstream to 
downstream location occurs discontinuously at  the level 
of nondivergence where the momentum transport must 
change signs to balance the divergence. Except near the 
resonance wave number, the level of nondivergence was 
located at  75 cb .  

When friction was introduced, the transition from 
upstream to downstream position occurred in a continuous 
manner (Smagorinsky 1953, Saltzman 1965). For the 
ultralong waves, there was an eastward tilt of the pressure 
systems. As friction is increased at low pressure (m=5.8), 
the slope of the pressure systems decreased. 

Figure 7 gives the distribution of the phase angle 
with pressure for n=2,  4, 6 ,  and 8 and for m=5.8. The 
shorter waves are included to indicate the transition from 
an eastward tilt to a westward tilt of the pressure systems. 
The westward tilt, which first occurs at n=5 (fig. 6), is 
brought about by the change in sign of the pressure- 
average Rossby speed, which is less than zero (CR<O) 
for n<5 and greater than zero for n > 5 .  The changes in 
sign of the Rossby speed changes the nature of the 
dynamic transport term requiring a westward displace- 
ment of the pressure systems with decreasing pressure 
to maintain a balanced state. 

When horizontal variations are constrained to be 
unidimensional, C, will change sign and eastward and 
westward tilt will occur under the given initial conditions. 
However, if the horizontal variations are two-dimensional, 
then the effect of the rotation of the earth can be dimin- 
ished significantly depending on the wave number and 

looo 180° 260° 340° 60° 
PHASE ANGLE 

FIGURE 7.-The pressure wave phase angle versus pressure for 
wave numbers 2, 4, 6, and 8 for m=5.8. 

most wave numbers. The ridges and troughs will only 
slope westward in that case, This is consistent with the 
results of Smagorinsky (1953), Saltzman (1965), and 
Derome and Wiin-Nielsen (1971), who found westward 
slopes in the case of two-dimensional, horizontal varia- 
tions for all wave numbers. 

4. ENERGETICS 

Discussions of the effect of friction on the steady-state 
structure of the atmosphere produced by surface heating 
would not be complete without describing the energetics. 
The nature of the changes in potential energy can be 
studied through eq (4). Applying eq ( 7 )  and 

m w'=x w1 cos kx+w2 sin kx, 

g=g XI cos k x + b  sin kx, 

1 

x,=Jx:-tx;, 

wo= Ja 
a,=arctan (:)? 
a,=arctan ('), 

&=E, 
and 

to ey (4) and multiplying the equation involving w1 by XI 
and that involving o2 by Xz yields 

R 
CPd P 

C T C J ~ X ~  COS ( ~ ~ , - ~ ~ ~ ) = - - - - h X o c o s  ( a H - 0 ~ ~ )  

- -'& A m  kX$ sin(a-a,). (17) the y scale length, and C, may be greater than zero for -r 
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FIGURE 8.-The conversion term for potential energy versus 
pressure for wave numbers 1, 3, and 5. 

The term on the left describes the conversion of potential 
energy into kinetic energy [cos (aW-ap)>O] on a constant- 
pressure surface. (N.B. u<O.) The first term on the right 
describes the generation of potential energy on a constant- 
pressure surface. Warm air is being heated and cold air is 
being cooled when cos (aH-ap) <O. The second term on the 
right involves the product -kTA,, which may be rewritten 
;Ao, where --k;=; and ; is the amplitude of the south- 
north component of the wind perturbation. The term de- 
scribes the change in potential energy due to the horizontal 
transport of heat and treats the conversion of mean avail- 
able potential energy into eddy available potential energy. 
Potential energy is increased if cold air is transported 
southward and warm air northward [sin(a- ap)  < O ] .  

It has been shown that CY= f r / 2  when K,=O (no fric- 
tion). This condition requires that aP= i ~ / 2 .  Therefore, 
cos (aH-ap)=O and sin (a-ap)=O, which infers that 
regions of generation and dissipation of potential energy 
both exist on a constant-pressure surface, that their net 
effect is to produce a zero generation term, and that there 
is no horizontal transport of heat. These conditions yield 

uwox, cos (aw-ap)=0. (18) 

Since neither u, wo, nor A. are zero, then 

( a r , - ~ p ) =  f7r/2. (19) 

Therefore, both thermally direct and thermally indirect 
circulations exist in the atmosphere, and the conversion of 
potential energy into kinetic energy by the thermally 
direct circulation is compensated completely by the con- 
version of kinetic energy into potential energy by the 
thermally indirect circulations. 

When friction is introduced, the pressure wave displaces 
continuously and (aH-aB) # f ~ / 2  and (waP) # f S ;  there- 
fore, the generation term, the conversion term, and the 
horizontal heat transport term are different from zero. 
Figures 8, 9, and 10 show the vertical distribution of these 
terms for wave numbers 1, 3, and 5 for the conditions 
specified earlier. 
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FIGURE 9.-Same as figure 8 for the generation term. 
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FIGURE 10.-Same as figure 8 for the heat transport term. 
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The conversion term (fig. 8) is zero a t  the upper and 
lower boundary because of the boundary conditions. For 
n = l  and 3 and for n=5 and m=5.8, the magnitude is a 
maximum between 70 and 80 cb, the magnitude increases 
as friction is allowed a t  lower pressures, and there is a 
conversion of potential energy into kinetic at  all interior 
levels. Near the resonance state (n=5 and m = 1 5 ) ,  po- 
tential energy is converted into kinetic energy a t  high 
pressure and kinetic energy into potential energy at  low 
pressure. 

For n=l and 3 and for n=5 and m=5.8, there is a 
degeneration of potential energy (positive values) at  high 
pressure (fig. 9), and a generation of potential energy at  
low pressure. However, pressure integration of the gen- 
eration term yielded a net generation of potential energy. 
The magnitude of this term also increased as friction was 
allowed a t  lower pressure. Near the resonance mode 
(n=5 and m=15), all levels indicate a degeneration of 
potential energy. 

For n=l and 3, northward transport of heat was found 
at  high pressure (fig. 10) with negligible southward trans- 
port of heat at  low pressure. However, there was north- 
ward transport of heat at  all  levels for n=5, which 
corresponds to the westward tilt of the pressure systems. 
This term also increased notably as friction was allowed 
a t  lower pressure. 

The following expression for the change in kinetic energy 
on a constant-pressure surface was derived using eq (3), 
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following a technique similar to  that used to  derive eq 
(19) : 

The loss of kinetic energy due to friction is compensated 
by the vertical compression or expansion of the system 
and by the conversion of potential energy into kinetic 
energy. The interpretation of eq (20) for this particular 
case can be readily seen if the pressure integral of eq (20) 
is obtained. Integrating and applying the boundary con- 
ditions yields ’r k 2 K F d p = f l  woXo cos (a,--n,)dp. 

6P 8 
(21) 

Equation (21) indicates that the frictional loss is bal- 
anced by the conversion of potential energy into kinetic 
energy only. Therefore, as friction is allowed at  lower 
pressure, there must be a corresponding increase of the 
conversion of potential energy into kinetic energy as is 
indicated in figure 8. 

5. CONCLUSION 

The resonance mode, characteristic of a frictionless 
atmosphere, was apparent when friction was concentrated 
in the boundary layer. When relatively significant fric- 
tion was allowed at  low pressure, the influence of the 
resonance was not found. This suggests that the response 
of the atmosphere to surface heating or to any other 
forcing function should be considerably different over the 
oceans where the roughness lengths are small and friction 
is confined to the low levels, than over the continents 
where the roughness lengths can be large and friction can 
be considerable a t  high levels. Furthermore, frictional 
effects should be much more apparent a t  lower pressures 
in the summer months than in the winter months because 
of convection. Therefore, the resonance mode should be 
more discernable in winter. Data presented by Saltzman 
and Fleisher (1962) seem to indicate this effect. 

Friction generally reduced the amplitude of the steady- 
state disturbance due to surface heating a t  low levels and 
increased the disturbance at  high levels. This circum- 
stance was due to the frictional effect acting in a sense 
opposite to the divergence a t  low levels, requiring a small 
perturbation to maintain a steady state, and acting in 
the same sense as the divergence at  upper levels requiring 
a larger perturbation to maintain a steady state. How- 
ever, near the resonance wave number, the above char- 
acteristics did not hold. 

The pressure systems were displaced with decreasing 
pressure in response to the change in sign of the divergence. 
The displacement was continuous when friction was 
included. The pressure systems were found to tilt east- 
ward when the pressure-averaged Rossby speed was 
indicating westward motion (C,<O) and westward when 
it indicated eastward motion (C,>O). This is a result of 
the change in sign of the dynamic transport of momentum. 

The slope of the pressure systems decreased when signifi- 
cant friction was allowed a t  lower pressures. 

I n  a steady state with surface heating, the conversion 
of potential energy into kinetic energy for the long waves 
was balanced by the generation of potential energy and 
by the northward transport of heat. However, when fric- 
tion was zero, the net generation’on an isobaric surface 
was zero, indicating that local zones of generation were 
exactly canceled by local zones of degeneration, and the 
heat transport was zero. The conversion term was also 
zero, which implies the positive energy conversions asso- 
ciated with thermally direct circulations are exactly bal- 
anced by the negative conversions associated with ther- 
mally indirect circulations. When friction was introduced, 
there was a conversion of potential energy into kinetic 
energy, a degeneration of potential energy at high pres- 
sures and a generation at low pressures, and a northward 
transport of heat a t  high pressures with negligible south- 
ward transport of heat at  low pressures for all the long 
waves except near the resonance mode. At low pressure, 
the conversion term was, to a great extent, balanced by 
the generation term. The magnitude of each term in- 
creased as friction was increased at  low pressure. 

On the average, these results suggest that in a steady 
state the eddy conversion term is balanced by the eddy 
generation term, and the conversion of mean available 
potential energy into eddy available potential energy is 
negligible. This is contrary to observed results (Brown 
1964, Wiin-Nielsen 1964, and Dutton and Johnson 1967) , 
which suggest that on the average, there is a degenera- 
tion of eddy available potential energy, and the major 
source of eddy available potential energy is through the 
conversion of mean available potential energy into eddy 
available potential energy. Differences may be attributed 
to the fact that the observed results treat these terms in 
a nonsteady state and are summations over all wave 
numbers, including the effect of a y variability. 

In  terms of kinetic energy, the total frictional loss was 
balanced by the conversion process, which explains why 
the conversion term increased as friction was allowed at  
lower pressure. The generation term and the northward 
heat transport term responded to the increase in the 
conversion term. 
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